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Diverging Boundary Layers with Zero Streamwise Pressure
Gradient and No Wall Curvature
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The effects of spanwise divergence (dW/dz) on the boundary layer forming between a pair of embedded
streamwise vortices with the common flow between them directed toward the wall was studied. Measurements
indicate that divergence controls the rate of development of the boundary layer and that large divergence
significantly retards boundary-layer growth and enhances skin friction in agreement with previous studies. Even
with divergence, however, the local similarity relationships for two-dimensional boundary layers are satisfactory
and the turbulence structure is not significantly modified. Spanwise divergence did not significantly affect either
the Reynolds stress or turbulent triple-product distributions.
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Nomenclature
= skin friction coefficient, r^
= boundary-layer shape factor, 6*/9
= pressure
= radius of a hypothetical body of revolution
= momentum thickness Reynolds number
= components of mean velocity
= freestream velocity
= fluctuating components of velocity
= wall shear velocity, VTV/P
= velocity in wall coordinates, U/uT
= Cartesian coordinate system
= distance from wall in wall coordinates, yur/v
= boundary-layer displacement thickness,

to

(1-U/UJdy

•• location where £7 = 0.99£7oo, boundary-layer
thickness

= fluid kinematic viscosity
= fluid density
= wall shear stress
: boundary-layer momentum thickness,
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Subscripts
edge = evaluated at outer edge of boundary layer

wall = evaluated at the wall

Background

PREVIOUS studies have suggested that lateral divergence
strongly affects boundary-layer development. The effects

of divergence are often obscured, however, by other factors
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such as the streamwise pressure gradient and the streamwise
curvature. For example, an adverse pressure gradient strongly
influences the diverging boundary layer developing upstream
of a flow blockage, and a strongly favorable pressure gradient
affects the diverging boundary layer forming over a body of
revolution with increasing radius. In contrast, the boundary
layer that forms on a flat plate between common flow down
vortex pairs experiences lateral divergence without the addi-
tional complications introduced by curvature and pressure gra-
dients. Measurements made in this boundary layer can be used
to clarify the effects of divergence on turbulent boundary-
layer development.

A collaborative experimental study of zero-pressure-gradi-
ent diverging boundary layers was undertaken to isolate the
effects of divergence from those of the streamwise pressure
gradient and complex body geometry. Because it was also de-
sirable to isolate the effects of divergence from those of the
spanwise secondary velocities due to the vortices, the study was
restricted to the boundary layer formed along the plane of
symmetry between the two vortices of a pair with common
flow down. The additional influence of a Reynolds number
was removed by comparing boundary layers with similar mo-
mentum-thickness Reynolds numbers, one with and the other
without spanwise divergence.

Smits et al.1 studied the boundary layer on an axisymmetric
cylinder-flared body that produced a combination of concave
curvature and lateral divergence. Results indicated that span-
wise divergence modified the boundary layer significantly, but
it was not possible to fully separate the effects of divergence
from those of concave curvature. Smits and Wood2 discussed
this difficulty further in their review article. In addition, they
stated that in instances where concave curvature is present
along with divergence, spanwise divergence can prevent the
origination of roll cells that would otherwise accompany the
concave curvature.

A number of researchers have studied diverging boundary
layers formed upstream of symmetric obstacles mounted on
a wall. The boundary layer experiences a strongly adverse
pressure gradient and eventually separates. A recent study of
three-dimensional boundary layers upstream of a wedge was
performed by Anderson and Eaton.3 They observed that the
development of the boundary-layer mean and turbulence
quantities along the centerline upstream of a wedge was similar
to previous results obtained for several different types of ob-
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stacles. Based on their data and that of others, they concluded
that the spanwise divergence did not strongly affect the turbu-
lence structure of the boundary layer.

Patel and Baek4 studied converging and diverging boundary
layers on a body of revolution. On the upstream portion of the
body, a diverging boundary layer formed in a strongly favor-
able pressure gradient. The measurements were limited be-
cause the boundary layer was very thin. They indicated the
need for additional strain-rate data and turbulence measure-
ments in a boundary layer with continuous flow divergence.
Patel and Baek5 presented calculations that included the ef-
fects of boundary-layer divergence. They determined that di-
vergence led to an increase in the eddy viscosity and that in-
cluding this effect in the turbulence model yielded more
satisfactory results.

Saddoughi and Joubert6 investigated the effects of pro-
longed streamline divergence on developing turbulent bound-
ary layers. Using a uniquely shaped flow passage they investi-
gated a boundary layer with two distinct regions: an upstream
region with a combination of divergence and adverse pressure
gradient and a downstream region with divergence but without
a significant pressure gradient. They concluded that the
boundary layer reaches a state of equilibrium in the presence
of constant divergence. They attributed this to enhanced tur-
bulent diffusion in the outer layer. Based on spectral measure-
ments they concluded that divergence affects mainly the low-
wave-number, large-scale motions in the boundary layer.
Summarizing the previous literature, we find general agree-
ment that divergence slows or reverses boundary-layer growth
without modifying conventional mean flow similarity laws.
However, there is no consensus on the effects of divergence on
the turbulence structure because almost all of the experiments
have mixed pressure gradient and divergence effects.

The continuity equation yields the following expression for
spanwise divergence:

dW
~dz

du
dx

dv (i)

In the two-dimensional boundary layers that we are studying,
the streamwise gradients are small and the divergence is bal-
anced largely by dV/dy. The momentum equation that de-
scribes the development of this layer is

rdU dU d /P\ 8
~^~ +V^~ + ^~ -) + J-dx by dx \p/ dy

d2U
TTdy2

where P is the pressure, p is the density, and v is the kinematic
viscosity. Because this study is limited to the plane of symme-
try with no spanwise velocity, the spanwise momentum flux on
the plane of symmetry is zero. The spanwise momentum equa-
tion, however, can be used to obtain an expression for the
transport of the lateral divergence. Following Wheeler and
Johnston7 the transport of divergence is obtained by differen-
tiating the z -momentum equation with respect to z and evalu-
ating it at z = 0.

/ \ / \ / \ 0 - > / \
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One approach to modeling the plane-of-symmetry boundary
layer is to solve Eqs. (1-3) subject to appropriate boundary
conditions imposed by the freestream. This requires a model
for the shear stress components u'v' and v'w'. The cross
gradient of v'w' can probably be neglected, and the data pre-
sented below indicate that conventional models for u'v' will
work well.

To determine the relative importance of divergence in the
development of the boundary layer, the terms in the momen-
tum integral equation for collateral, diverging flow can be

evaluated (note that the present flow is not truly collateral but
the difference is small near the center line) as follows:

e a^edg (4)

M4

We will restrict our study to those flows for which the contri-
bution of the pressure gradient term M3 may be neglected.
Dividing this equation by C//2 gives us the following relation-
ship between nondimensional variables:

(5)

where Si is the relative rate of growth of the boundary layer.
The state of a diverging boundary layer may therefore be
specified to a good approximation by either Si or S2 and the
momentum thickness Reynolds number (ReQ). The use of
these nondimensional parameters allows us to compare our
results to others in the literature in a sensible way.

Experimental Techniques
Two experimental facilities, one at Stanford University and

one at Imperial College, were used to carry out the studies
reported. In the Stanford experiment a diverging boundary
layer was generated using a pair of half-delta-wing vortex
generators mounted on the test wall at angle of attack (Fig. 1).
The generators used in these studies were 2 cm high with a
chord length of 5 cm. The spacing of the generators, measured
between the midway point of the delta-wing chord, was varied
from 2 to 14 cm. The angle of attack, which was measured
between the vortex generators and the tunnel center line, was
varied between 6 and 24 deg. Secondary flow angles up to 20
deg were obtained using these half-delta-wing generators. The
vortex generators were located 53 cm downstream of the
boundary-layer trip at a point where the undisturbed bound-
ary-layer thickness was 1.3 cm and the momentum-thickness
Reynolds number was 1700. Boundary-layer growth resulted in
a weak favorable pressure gradient with the freestream veloc-
ity increasing from 15.6 m/s at X = 66 cm to 16.4 m/s at the
last measurement station (^=188 cm). Pressure variation in
the spanwise direction was very small (Cp <^0.01).

The experiment at Imperial College used a full delta wing
mounted at an angle of attack to generate a vortex pair, which
then interacted with the boundary layer developing on a flat
test plate suspended in the test section farther downstream
(Fig. 2). As a result of the interaction with the vortices, the
boundary layer on the test plate between the vortices was
strongly diverging. Two cases were studied. In case 1 the delta
wing was mounted at a height such that the wake of the delta
wing passed under the test plate whereas the vortices passed
over the top. The boundary layer was strongly modified by the

BOUNDARY LAYER TRIP

TEST SECTION
DIMENSIONS: SPAN:

WIDTH:

VORTEX
GENERATORS

v—53 cm——$' Flow U C L = 16
Direction

Reference
Coordinate

System

- 200 cm

Boundary Layer Thickness

3.3 cm

Fig. 1 Schematic of test facility with pair of half-delta-wing vortex
generators used to study moderately diverging boundary layers.
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Vortjces

4:1 Contraction 76.2
Test plate

Case 1: X = 25.4, Y1 = 4.1, Y2 ==34.8

Case 2: X = 27.2, Y1 = 15.2, Y2 = 27.2

Delta wing

sum KS
All dimensions in cm

Fig. 2 Schematic of the full-delta-wing vortex generator and test
plate used to study strongly diverging boundary layers.

o.i

Fig. 3 Secondary flow vectors for a diverging boundary layer be-
tween an embedded vortex pair.

vortices and crossflow angles in the boundary layer exceeded
30 deg. In case 2 the delta wing was mounted much higher
above the test plate so that the wake of the delta wing was more
fully rolled up into the vortices before interaction with the
boundary layer occurred. The boundary layer was less strongly
modified by the vortices and crossflow angles were less than
15 deg.

Measurements were made using several different instrumen-
tation systems. In the Stanford experiment, all three compo-
nents of the mean velocity were measured using a miniature
five-hole pressure probe that was calibrated using the scheme
outlined by Westphal et al.8 The mean velocity vector and the
full Reynolds stress tensor were measured using an x-wire
(crossed hot-wire anemometer). The wires were 5 jum, plat-
inum-plated tungsten sensors with an active length of 1.25
mm. Details of this scheme are outlined by Pauley and Eaton9

and a comprehensive uncertainty analysis can be found in
Anderson and Eaton.10 All ten triple products were calculated
using a data reduction scheme presented by Cutler and Brad-
shaw.11 The mean and fluctuating components of stream wise
velocity were measured near the wall using a single-wire hot-
wire probe with sensors similar to those used on the JC-wire.
The local skin friction magnitude and direction were measured
using a surface fence gauge developed by Higuchi.12

In the Imperial College experiment, mean velocity profiles
were obtained using a three-hole yaw probe and static pressure
measurements from a surface tap. The yaw probe was aligned
with the local mean velocity vector in yaw as described by
Cutler and Bradshaw,11'13 and the pitch angle was assumed to
be small.

Results and Discussion
The secondary velocity field for the pair of vortices gener-

ated using a pair of half-delta-wing vortex generators spaced 4
cm apart at an 18-deg angle of attack is shown in Fig. 3. Details
of the flowfield including the vorticity field, the streamwise
decay of the vortex circulation, and the distortion of the vor-
tices due to vortex/boundary-layer interaction were previously
reported by Pauley and Eaton.14 The vortices produce a small
component of velocity directed toward the wall on the center-
line. In addition, they produce an outward spanwise secondary
flow directed away from the centerline that increases from zero
on the centerline. Streamwise velocity contours shown in Fig.
4 show the distortion of the usual two-dimensional boundary
layer resulting from the presence of the vortex pair. Compar-
ing the boundary layer between the vortices with the undis-
turbed boundary layer outside of the vortex pairs shows the
extent of thinning produced by the divergence.

A clear picture of the diverging flow is indicated by vectors
of the secondary velocity in a plane parallel to the wall. These
secondary flow vectors are shown in Fig. 5 near the outer edge
of the thinned diverging boundary layer between the vortices.
They indicate that the flow is diverging at angles up to 20 deg.
The data in Figs. 3 and 5 were used to estimate the derivatives
needed for the integral analysis described subsequently—cubic
splines were computed through the data points and then differ-
entiated analytically.

Profiles of mean velocity were measured with a single^wire
hot wire resolving all of the log region and the buffer layer,
extending down to the upper part of the viscous sublayer
(j+=8). Parameters such as the momentum-thickness Rey-
nolds number and shape factor were calculated using the
method of Coles,15 and a log-law fit was made to determine the

Fig. 4 Streamwise velocity contours for a diverging boundary layer
between an embedded vortex pair; contour interval is 0.05 Uw with the
outermost contour at 699.

10

E
3 0

-10
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Fig. 5 Secondary flow vectors in a plane parallel to the wall near the
edge of a diverging boundary layer at Y = 0.75 cm.
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skin friction. The skin friction calculated using this fit was
compared to the skin friction measured using the sublayer
fence gauge and agreement within 2% was always observed.
Scalar descriptors of the two-dimensional boundary layer and
diverging boundary layer are tabulated in Table. 1. To qualify
the boundary layer, results for the two-dimensional, non-
diverging case were compared with Coles15 and with Eibeck
and Eaton.16 These results reported in Table 1 show excellent
agreement between our boundary layer and that of others for
similar Reynolds numbers.

The streamwise development of the momentum-thickness
Reynolds number with divergence is shown in Fig. 6, and the
development of the skin friction coefficient is shown in Fig. 7.
Because the freestream velocity is nearly constant for all cases,
comparison of the momentum-thickness Reynolds number de-
velopment indicates a relative comparison of momentum-
thickness growth between the diverging and nondiverging
boundary layers. Initially the divergence strongly suppresses
boundary-layer growth. Farther downstream the growth rate
increases but is still well below the growth rate for an equiva-
lent two-dimensional boundary layer of the same thickness.

To obtain different strengths of divergence on the center-
line, the spacing of the vortices and the angle of attack of the
generators were varied. Closer spacing of the generators pro-
duced more rapid divergence, a thinner boundary layer, and
increased skin friction. Descriptors of the boundary layers are

4000

3500

80 100 120 140
X (cm)

160 180 200

Fig. 6 Streamwise development of momentum-thickness Reynolds
number with and without divergence.

outlined in Table 1 for the vortex generator spacing study and
for the vortex generator angle study. Boundary-layer profiles
on the centerline between the vortices are plotted in wall coor-
dinates in Fig. 8 for several generator spacings and in Fig. 9 for
several angles of attack. These results indicate that the strong
span wise divergence observed upstream at X— 97 cm does not
modify the usual logarithmic scaling observed in the logarith-
mic region of the boundary layer.

The relationship between the momentum-thickness Rey-
nolds number and the local skin friction coefficient was com-
pared to the normal behavior in two-dimensional, zero-pres-
sure-gradient boundary layers. The results at the centerline for
all of the half-delta-wing cases are shown in Fig. 10. All of the
results (both on- and off-centerline) for the full-delta-wing
case are presented in Fig. 11. The agreement between the data
and the usual correlation for the variation of skin friction
coefficient with Reynolds number (C//2 = 0.0125/tee 1/4)'is gen-
erally good. This provides strong evidence backing up previous
conclusions that divergence does not modify the normal simi-
larity relations for the mean flow in the boundary layer based
on local quantities such as the momentum thickness.

Each of the terms of the integral Eq. (4) have been computed
at each of the streamwise locations along the centerline for the
half-delta-wing case with 4-cm spacing and 18-deg angle of
attack. The momentum integral balance between each of these
terms, which is shown in Fig. 12, indicates that at the far-up-
stream location the divergence and skin friction terms are
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Fig. 7 Streamwise development of skin friction coefficient with and
without divergence, also calculations from STAN6 using measured
divergence.

Table 1 Two-dimensional and diverging boundary layer parameters and balance of terms in momentum integral equation (half-delta-wing cases)

Xcrii

66
97

142
188
Eibeck
Coles

66
97

142
188

97
97
97
97

97
97
97
97
97
97, .

Space, cm

——

——

4
4
4
4

4
4
4
4

2
3
4
6

10
14

Angle, deg

——

——

18
18
18
18

6
12
18
24

18
18
18
18
18
18

t/oo, m/s
15.62
15.86
15.74
16.37

——

15.62
15.81
15.68
16.37

15.75
15.86
15.81
15.83

15.77
15.75
15.81
15.72
15.68
15.76

699, cm

1.59
1.88
2.29
2.67
2.67
——

0.737
0.746
1.19
1.62

0.877
0.734
0.746
0.838

0.99
0.61
0.746
1.13
1.58
1.69

6*, cm

0.249
0.307
0.377
0.423
0.424
——

0.104
0.121
0.188
0.242

0.127
0.113
0.121
0.128

0.102
0.103
0.121
0.170
0.243
0.275

0, cm H

0.176 1.415
0.215 1.427
0.268 1.408
0.308 1.373
0.310 1.37
—— 1.38

0.073
0.081
0,131
0.171

0.087
0.076
0.081
0.087

0.070
0.068
0.081
0.118
0.172
0.194

.431

.488

.440

.418

.459

.495

.488

.466

.458

.516

.488

.435

.416

.415

Re*

1790
2220
2770
3322
3365
3000

739
822

1250
1808

897
780
822
897

720
703
822

1223
1772
1994

Cf
2

XlOOO

1.86
1.75
1.66
1.65
1.63
1.65

2.52
2.36
2.08
1.89

2.34
2.41
2.36
2.31

2.59
2.43
2.36
2.12
1.89
1.83

30
dx

XlOOO

0.06
0.66
1.14
0.74

__
— _
0.66
——

- •
——
0.66
——
——
——

0 ^ rrx at/*
C/oo dx

XlOOO

0.14
0.03
0.12
0.63

' ——
——
0.03
——

' _ _ • •
——
0.03
——
——
——

0 C/rredge+ c/oo az
xlOOO

2.77
1.46
0.63
0.43

2.84
2.18
1.46
1.21

2.35
1.82
1.46
1.19
0.65
0.41
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SYMBOL SPACING
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—n- 3.0 cm
—0- 4.0 cm
—A- 6.0 cm
—br- 10.0 cm
—0- 14.0 cm
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Fig. 8 Boundary-layer profiles in wall coordinates at jc ^97 cm for
several vortex generator spacings with fixed angle of attack.
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0

SYMBOL ANGLE
—o- 6.0 deg.
—D- 12.0 deg.
—0- 18.0 deg.
—A- 24.0 deg.

10° 101 102

Y +
104

Fig. 9 Boundary-layer profiles in wall coordinates at * = 97 cm for
several vortex generator angles of attack with fixed spacing.

the divergence is held constant. In case 1 the contributions of
the growth term and the divergence term are comparable as a
result of a steady reduction of the divergence moving down-
stream, but again the contribution of the pressure gradient
term is, as expected, small. These full-delta-wing experiments
have considered variation of the divergence parameter in the
range Si < 1, and 400 < ReQ < 3300.

Bradshaw17 determined that boundary layer turbulence is
very sensitive to "extra rates of strain," that is, strain rates
other than dU/dy. In the present case, the extra rate of strain
is dW/dz. The ratio (dW/dz)/(dU/dy) is reported in Table 2
for the centerplane boundary layer of all of the common flow-
down pairs produced with the half-delta-wings. The strain
rate ratios evaluated at y = 699/2 indicate that these vortices

Cf/2
(x10~3)

Data for diverging
boundary layer
(ie. dWe/dz > 0)
at various z

Case 1
O x/s = 1.524
D x/s = 3.238
A x/s = 4.952
O x/s = 6.667

Case 2
D x/s = 1.524
b. x/s = 3.238
V x/s = 4.952
Q x/s = 6.667

——— 0.0128Ree'-0.25

1000
Ree

2000

Fig. 11 Test of local similarity relationships for strong diverging
boundary layers with delta-wing vortex generator.

3.00

^ 2.75
»o
o 2.50
x
^ 2.25

CM 2.00

O 1.75

1.50

SYMBOL LEGEND

o Cf/2 (all angles/spacings)
—— 2-D Momentum Boundary Layer

1000 2000 3000 4000

Fig. 10 Test of local similarity relationships for all cases using half-
delta-wing vortex generators.

60 80 100 160 180 200120 140
X (cm)

Fig. 12 Momentum integral balance for the half-delta-wing case with
18 deg angle of attack and 4-cm spacing.

much larger than the other terms in the balance. As the vor-
tices decay in strength, the level of divergence decreases and
the growth of the momentum thickness becomes significant.
At the most-downstream location the three terms on the right-
hand side of the equation are nearly equal. There is a slightly
favorable pressure gradient in the wind tunnel so that when the
momentum thickness 0 becomes large enough (in the down-
stream region) the contribution of the pressure gradient term
becomes significant. The divergence correction term is also
reported for the spacing and angle study cases in Table 1.

Figures 13 and 14 show the four terms in the momentum
integral equation on the centerline (z = 0) for both cases in the
full-delta-wing experiment. In case 2 the first term in the mo-
mentum integral balance (which arises from the growth of the
boundary layer) and the second term (which arises from the
pressure gradient) are small compared to the other terms.
Thus, the boundary layer at the centerline is the asymptotic
boundary layer that develops in zero pressure gradient when

Term
(x1Q-3)

-2

Case 2; z/s = 0

x/s

Fig. 13 Momentum integral balance for the full-delta-wing in the
high position, case 2.
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produce similar levels of the divergence ratio as observed by
Smits et al.1

dWldU
dy y = 599/2

and Saddoughi and Joubert6

dWldU
d z j d y ' 0.075

^=699/2

In addition, the ratio which uses the strain rate dU/dy eval-
uated at the wall is reported. It might be argued that using
the wall value is more universal as it avoids the arbitrary choice
of the height at which to evaluate the derivatives, and this
ratio enters directly into the momentum integral analysis. The
typical ratio using the wall value is of the order 10~3. Finally,
the corresponding Si parameter defined in Eq. (5) is given in
Table 2.

The diverging boundary layer at x = 188 cm had almost the
same momentum-thickness Reynolds number as the normal
two-dimensional boundary layer at x = 66 cm (all other flow
conditions held constant). Figure 15 shows the stream wise ve-
locity profiles for these two cases measured both with a single-
wire hot wire and an'*-wire. The boundary-layer profiles for
these two cases are very similar, and good agreement is ob-
tained between the two measurement systems. The turbulence
intensity measured with the single wire for these two boundary
layers is compared in Fig. 16. The turbulence intensity reaches
its peak near the edge of the viscous sublayer and the two cases
are in good agreement, well within the measurement uncer-
tainty.

Term
(x1(T3) ~1

-2

Case 1; z/s = 0

Fig. 14 Momentum integral balance for full-delta-wing in the low
position, case 1.

1.0

.9

.8

.7

.6

.4

.3

SYMBOL LEGEND
—o- no divergence (single wire)
—n- with divergence (single wire)
—0- no divergence (x-wire)
—A- with divergence (x-wire)

0.0 .4 .8 1.2

Y/d99
Fig. 15 Streamwise velocity profiles for a diverging boundary layer
with Ree = 1810 (X = 188 cm) and a nondiverging boundary layer with
/tee = 1790 (AT = 66 cm).

.10 i

SYMBOL Stress
no divergence (single wire)
with divergence (single wire)

.06 -

.04 -

.02 -

0.0
0.0 .4 .8 1.2

Y/tf99

Fig. 16 Turbulence intensity profiles for a diverging boundary layer
with /fee = 1810 and a nondiverging boundary layer with /fee = 1790
(half-delta-wing cases).

Table 2 Extra rate of strain parameters (half-delta-wing cases)

Case

common flow down

4-cm spacing,
4-cm spacing,
4-cm spacing,
4-cm spacing,
4-cm spacing,
4-cm spacing,
4-cm spacing,
4-cm spacing,
x = 97 cm, 18
* = 97cm, 18
jc = 97 cm, 18
x = 91 cm, 18
;c = 97cm, 18
x = 91 cm, 18

18 deg
18 deg
18 deg
18 deg
x = 91 cm
x = 91 cm
x = 97 cm
x = 91 cm
deg
deg
deg
deg
deg
deg

A dwedgeldu
dz 1 dy Waii

specification x 1 0 ~ 3

x = 66 cm 1 .48
x = 97 cm 0.74
x = 142 cm 0.23
jc = 188cm 0.13
6 deg 1.35

12 deg 1.16
18 deg 0.74
24 deg 0.59
2-cm spacing 1.26
3-cm spacing 1.07
4-cm spacing 0.74
6-cm spacing 0.46
10-cm spacing 0.19
14-cm spacing 0.11

dWJdU T O a^edgel/C/

dz 1 dy y=599/2 \_Uoo dz J/ 2
0.086 1.10
0.046 0.62
0.016 0.30
0.011 0.23
0.082 1.21
0.061 0.90
0.046 Q.62
0.038 0.52
0.146 0.91
0.047 0.75
0.046 0.62
0.035 0.56
0.018 0.34
0.009 0.22
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Measurements of the full Reynolds stress tensor were made
at each streamwise location with and without spanwise diver-
gence. The profiles are shown for the two cases discussed
earlier, to examine the influence of divergence on the devel-
opment of the turbulence structure. The normal stresses and
the primary shear stress are shown in Fig. 17. The Reynolds
stresses are slightly higher for the diverging boundary layer.
The difference between the two cases is no greater than a few
percent, within the uncertainty of the measurements. Sad-
doughi and Joubert6 also measured the Reynolds stresses with
divergence. They compared their results with those of Erm18

for a similar Reynolds number but without divergence. They
observed that the Reynolds stresses at fixed y/d^ increased
gradually with streamwise distance under the influen.ce of di-
vergence and are higher than those observed for the two-di-
mensional boundary layer. They were not, however, able to
conclusively determine whether to attribute this to lingering
influence of an upstream pressure gradient or to divergence. If
any effect is present due to divergence, their data suggest that
normal stresses are increased rather than shear stresses. The
streamwise normal component seems most affected (a maxi-
mum increase of 15% was observed). This, trend was also
observed in our data although the variation was weaker. The
change observed in our data is not large enough to make a
definitive conclusion about the direction of this change, given
the uncertainty of a few percent in the measurements. Because
our data sets, both with and without divergence, were obtained
in the same facility with all tunnel run conditions held the
same, it may be justifiable to attribute some significance to this
weak trend that was observed in both laboratories. As their
measurements have some uncertainty inherent in comparing
results from two different laboratories, our observations can
add further confidence in the trend that they, observed, but
suggest only a slight divergence-related modification.

A slight increase in magnitude due to divergence was ob-
served for the triple products which are shown in Fig. 18. The
trends and magnitudes of the quantities with and without
divergence are similar and strong statements based on the level
of the differences observed would stand on questionable foot-
ing due to the moderate uncertainty in these triple correla-
tions. In the outer-half of the boundary layer where the levels
of uncertainty in the measurements are the lowest, the triple
products u '3, u '2v ', and u ' V* are consistently larger in the
diverging boundary layer. This trend is also in agreement with
Saddoughi and Joubert but again the magnitude of the dif-
ference is small. The other triple products are quite small. In

uu (no divergence]
ft "vv (ho divergence}

ww (no divergence)
uv (no divergence)
uu (with divergence)
w (with divergence)
ww (with divergence)
uv (with divergence)

99

Fig. 17 Reynolds normal stresses and shear stress for a diverging
boundary layer with lfc?e = 1810 and a nondiverging boundary layer
with Res = 1790 (half-delta-wing cases).
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Fig. 18 Turbulent triple products w'3, v'3, w'2v', and w'v'2 for a
diverging boundary layer with RCQ = 1810 and a nondiverging bound-
ary layer with Re& = 1790.

general, no dramatic modification of the boundary-layer
structure due to divergence is observed. This contradicts obser-
vations of several previous experiments where it was not possi-
ble to fully isolate divergence effects.

The results of Smits et al.1 have indicated that the effect of
the extra rate-of-strain dW/dz on turbulence model "con-
stants" such as nSndimensional edjdy viscosity is large (an
increase of a factor of two or more). It was suggested that the
effects can be correlated by the extra rate-of-strain parameter

dWldU
dz I dy

In the Smits et al. layer this extra rate-pf-strain parameter is
0.10 (Si«1.5, ^£0^4000), which is similar in magnitude to
the divergence seen at the upstream locations in this experi-
ment (Si«1.1). The results of Smits et al. are not conclusive
due to the additional effects of concave curvature at the up-
stream locations. Note that for the mean flow results Si varies
in the range of 0-1.2 and so the conclusions concerning these
are valid for stronger lateral divergence.

STAN6, a finite-difference boundary layer code written by
W. M. Kays at Stanford University, was used to determine if
the mean divergence effects could be captured by a two-dimen-
sional calculation with a divergence correction. The momen-
tum integral equation for a boundary layer forming over a
body of revolution as reported by Kays and Crawford19 is

-r' (6)

This equation is similar to Eq. (4) with the exception of the
term M4* which can be related to term M4 in the previous
equation. This results in the following relationship between the
divergence of a flat-plate boundary layer and the radius of a
hypothetical body of revolution over which a diverging bound-
ary layer forms:

dR
dx \u dz (7)

Using the divergence measurements for the centerline of the
half-delta-wing case shown in Figs. 3 and 4, a calculation of
the skin friction development was performed for a hypo-
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thetical body of revolution. The results are shown in Fig. 7.
By modeling the divergence as an equivalent change in ra-
dius, this two-dimensional boundary-layer code based on a
mixing length turbulence model was quite satisfactory. This
further supports the conclusion that the divergence, while
strongly modifying the mean boundary-layer development,
does not significantly modify the turbulence structure of the
boundary layer.

Conclusions
The effects of divergence on the formation of a turbu-

lent boundary layer has been studied. Measurements indicate
that the divergence controls the rate of development of the
boundary layer and that large divergence significantly retards
boundary-layer growth and enhances skin friction. Even in the
presence of boundary-layer divergence the local similarity
relationships for two-dimensional boundary layers without
divergence are satisfactory. The boundary-layer profiles col-
lapse on the log-law relationship. The balance of terms in the
usual momentum integral equation must be supplemented by
an additional term to account for the effects of divergence.
These conclusions are in general agreement with previous work
cited above.

Disagreement exists in the literature regarding the effects of
this divergence on the turbulence structure. This is possibly
due to the additional complications introduced by streamwise
curvature and streamwise pressure gradient found in the dif-
ferent experimental facilities used to generate diverging
boundary layers. In the present experiments with a zero
streamwise pressure gradient and Si = 1.1, it was found that
spanwise divergence did not significantly affect the Reynolds
stress tensor and the turbulent triple products. It is possible
that in strongly diverging boundary layers (i.e., greater Si)
there may be a significant effect of divergence on turbulence
structure. To date, however, there is no conclusive evidence of
this effect.
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